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ABSTRACT
The paper proves that if E and F are dust-like C' self-conformal sets
with 0 < HUmEE(E) HIMaF(F) < oo, then there exists a bijection
f: E — F such that

(dimp ) log | f(z) — f(y)]
(dimpg F) log |z — y|

— 1

uniformly as |z —y| — 0. It is also proved that a self-similar arc is Holder
equivalent to [0, 1] if and only if it is a quasi-arc.

1. Introduction

A non-empty compact set E is said to be the invariant set of a family of bijective
contractions {f;}/, if E = J*, fi(E) ([7]). In particular, when the union
UL, fi(E) is a disjoint union, we call E a dust-like set ([6]). The dust-like
invariant sets are totally disconnected.

For connected case, we consider arcs, the homeomorphic images of [0,1].

For some contracting similitudes {S;}7,, we call v = [ J;"

i1 Si(7) a self-similar
arc, if v is an arc and S;(y) N S;(y) = @ if |i —j| > 1, Si(y) N S;(7) is a
singleton if |¢ — j| = 1 ([9]). An arc v is called a quasi-arc if the diameter
diam(y(z,y)) < Clz — y| for all z,y € ~, where C is a constant and ~(z,y) is

the subarc lying between z and y.
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Definition 1: Suppose V C R™ is open. A C'-mapping g: V — R" is said to
be conformal if the differential Dg(x): R™ — R"™ is a similarity transformation
for each x € V. Furthermore, we say g is of C1*7 conformal class, if Dg(z) also
satisfies the Holder condition with exponent v > 0, i.e., ||Dg(z) — Dg(y)| <
clx — y|7 for all z,y € V, where ¢ > 0 is a constant.

A compact set F C R" is called a (C'17) self-conformal set if F is the
invariant set of (C'*7) conformal and bijective contractions {f;}7; defined on

an open neighborhood V' of F.

There are two elementary topological objects homeomorphic to the self-similar
arcs and dust-like self-conformal sets respectively: the unit interval [0,1] in R!
and the symbolic system

C={{x;}i =122 -|2; =0 0r 1},

and where C is equipped with a metric d satisfying d({z;}, {y:}:) = 277 with
j = min{i : x; # y;} for distinct elements {x;};, {y;}; € C. Then dimyC = 1.
Here [0, 1] is path connected and C' is totally disconnected.

In this paper, we will use the above two objects to represent self-similar arcs
and dust-like self-conformal sets, respectively.

The concept of the Lipschitz equivalence is important in the research of frac-
tals ([1], [2], [3] and [4]). Two compact sets E C R™, F C R"2 are Lipschitz
equivalent if there is a bijection f: E — F such that

(1.1) crle—yl <|f@) — f)l <™ o —y| foralla,ye B,

where ¢ > 0 is a constant, and |z1 — 23] is the Euclidean distance between points
z1 and z9.

In [6], Falconer and Marsh introduced a weaker equivalence named nearly
Lipschitz equivalence. FF and F' are said to be nearly Lipschitz equivalent if
for each n € (0,1), there is a bijection f,: E — F such that

(1.2) Cn - |z — y|1/?7 < |fn(x) - fn(y)l < 0771 Jz—y[" forallw,y € E,

where the constant c,, is dependent on 7, £ and F'. In the category of compact
sets, Lipschitz equivalence implies nearly Lipschitz equivalence.

It is well-known that if £ and F are nearly Lipschitz equivalent, then
dimg FE = dimy F. There are some related results:

(1) Suppose E, F are dust-like C! self-conformal sets in Euclidean spaces.
Then dimg F = dimg F' if and only if ' and F' are nearly Lipschitz equivalent

([6], [10]).
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(2) Two quasi-self-similar circles have the same Hausdorff dimension if and
only if they are Lipschitz equivalent ([5]).

(3) There are two self-similar arcs with the same Hausdorff dimension, though
they are not nearly Lipschitz equivalent ([9]).

In addition, the invariant property of the (nearly) Lipschitz equivalence is use-
ful, for example, uniform perfectness ([8], [11], [12]), nearly uniform perfectness
([10]) and porosity ([13]) of compact sets in metric spaces.

A new concept named quasi-Lipschitz equivalence, which is weaker than Lip-
schitz equivalence and stronger than nearly Lipschitz equivalence, is defined as
follows.

Definition 2: Two compact sets F and F of Euclidean spaces are quasi-
Lipschitz equivalent if there is a bijection f: E — I such that for every
e > 0, there exists § > 0 satisfying

log |f(x) — f(y)l

1.3
(1.3) log |z — y|

—1|<e¢

whenever z,y € E with 0 < |z — y| < 0.

By a simple calculation, it is easy to see that Definition 2 has the following
equivalent form.

Definition 3: Two compact sets F and F of Euclidean spaces are quasi-
Lipschitz equivalent if there is a bijection f: F — F such that for any

ne€(0,1),
(1L4) ey lo—y"" < [f(@) = W <t eyl forallwy € E,
where the constant c, is dependent on n, E and F'.

Compared with (1.2), (1.4) shows that quasi-Lipschitz equivalence is stronger
than nearly Lipschitz equivalence.

The main representation theorems of this paper are stated as follows.
Firstly, we will deal with the totally disconnected case.

THEOREM 1: Suppose E is a dust-like self-conformal set satisfying
0 < HImaE(B) < oo,

Then there is a bijection f: E — C such that for every € > 0, there exists § > 0
satisfying
logd(f(x), f(y))

-1 <
dimgFE -log|z — y| c
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whenever z,y € E with 0 < |z —y| < 4.
As a consequence, we have:

THEOREM 2: Suppose E, F' are dust-like self-conformal sets in Euclidean spaces
with 0 < HIm#E(R) HImeF(F) < oo. Then there is a bijection f: E — F
such that for every € > 0, there exists § > 0 satisfying

log|f(z) — f(y)| dimpgE
log |z — y] dimpy F

(1.5)

whenever x,y € E with 0 < |z — y| < 4.
In particular, dimgE = dimgF' if and only if E and F are quasi-Lipschitz
equivalent.

Remark 1: 1If f: E — F is a bijection satisfying % — t uniformly

as |x — y| — 0, then ¢ = dimyE/dimgF by the definition of the Hausdorff

dimension.

For any dust-like C**7(y > 0) self-conformal set E, we always have
0 < HYm#E(E) < oo. Therefore, we have the following corollary.

COROLLARY 1: Suppose E, F' are dust-like C'*7 self-conformal sets with v > 0.
Then there is a bijection f: E — F such that for every € > 0, there exists § > 0
satisfying

log|f(z) = f(y)] dimpgFE

1.6 -
(16) log |z — v dimpy F

whenever x,y € E with 0 < |z — y| < 0.
In particular, dimg E = dimgF' if and only if F and F are quasi-Lipschitz
equivalent.

Remark 2: In particular, when dimy E = dimpg F', as an equivalent form, Corol-
lary 1 shows for all 2,y € E and any n € (0,1) that

eyl =yl < | f(@) = fF)l < et e —yl”,

where ¢, is dependent on 7. Inequality (1.2) is proved in [6]. The difference
between nearly Lipschitz equivalence and quasi-Lipschitz equivalence is that the
family {fy,},ec(0,1) of bijections in (1.2) is replaced by one bijection f in (1.4).
This is the difficulty of the proof.
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Remark 3: In Theorems 1 and 2, we only use the C! conformal condition, but
we do not need the C'*7 conformal condition with v > 0. If h is a conformal
mapping in R™ with n > 2, then h is analytic, i.e., h € C*°. That means
the C' conformal condition is meaningful only in dimension one. In addition,
the counterexample in [10] shows that Theorems 1 and 2 do not hold for the
invariant sets of bi-Lipschitz contraction.

Notice that in [9] a special self-similar arc is constructed such that it fails to
be a quasi-arc, and a sufficient condition for a self-similar arc to be a quasi-arc
is obtained.

Definition 4: Suppose E C R™ and F' C R™ are compact. We say that E is
Holder equivalent to F', if there are constants «, ¢ > 0 and a bijection f: E — F
such that for all z,y € E,

clz—yl <|fx) = fW)I* <tz —yl.

For the path connected case, we have the following result.

THEOREM 3: A self-similar arc is Holder equivalent to the unit interval [0, 1] if
and only if it is a quasi-arc.

We organize the paper as follows. In Section 2, it is pointed out that Theorem
2 is a consequence of Theorem 1, and some uniform estimations (Lemmas 1-4)
for C! IFS are obtained. Section 3 is the proof of Theorem 1. Within Section
4, the proof of Theorem 3 is provided.

2. Preliminaries

Let C = {{x;}; = x122---| ©; = 0 or 1} be the canonical Cantor set equipped
with a metric d satisfying d({x;}:, {y:}:) = 277 where j = min{i : ; # y;} for
distinct elements {x;};, {y:}; € C. Then dimyC = 1.

As in [6], for Theorem 2, we need only to prove Theorem 1:

Suppose E is a dust-like self-conformal set with 0 < HY™1F(E) < co. Then
there is a bijection f: E — C' such that for every € > 0, there exists § > 0
satisfying

o) logd(/(2), /(1))

-1 <
dimgE - log |z — y] c

whenever x,y € E with 0 < |z —y| < §.
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Theorem 1 —> Theorem 2: In fact, suppose Theorem 1 is proved; then for
two dust-like conformal sets E and F, there are two bijections f: F — C and
g: C'— F satisfying for all 21 # x2 € F and y; # y2 € C,

logd(f(x1), f(x2))
dimy E - log |x1 — x2]
dimg I - log [g(y1) — g(y2)|
log d(y1,y2)

— 1 uniformly as |z — 22| — 0,

— 1 uniformly as d(y1,y2) — 0.

Then h =go f: E — F is a bijection satisfying for 1 # z2 € F,

dimy F - log|h(z1) — h(z2)|
dimg E - log |z — 2|

— 1 uniformly as |z — 22| — 0.

And thus Theorem 2 is proved. |
We also need to establish some results about C' self-conformal sets.

Remark 4: The dust-like self-conformal sets are complicated in general, though
cookie-cutter sets in R are relatively simple (e.g., see [4]). In fact, for any cookie-
cutter set in R, there are many gaps, basic intervals pairwise disjoint, with simple
estimation of their lengths.

Suppose E C R™ is the dust-like invariant set of a family {¢;}7, of
C' conformal and bijective contractions with 0 < H*(E) < oo, where s =
dimg E > 0. For every ¢ the mapping ¢; is defined on some open set U such that
Dy; is continuous in V for some bounded open set V satisfying E C V. C V C U,
where the compact subset V is the closure of V.

Let ¥* = {iy---ir : k € N,1 < 4, < m for all 7} be the set of all the
finite sequences, and Y, the set of all the infinite sequences. A subset § of
¥* is called a cut-set ([6]) if, for every infinite sequence (i3 -+) € X,y,, there
exists a unique integer k such that (i1ia---ix) € §. For any iyis - i € X*, let
[i1i2 - ix) = {j1J2 - € Epn : Jr = 4, for 1 <7 < k}, which is called a cylinder
nX,,.

Similarly, for the canonical Cantor set C, we also obtain the set IT* of all the
finite sequences composed of 0 and 1; then we also have the concepts of ‘cut-set’
and ‘cylinder’ naturally.

For every sequence i1 - - - 4, € X%, write ¢;,...;,, = @i, 0---0¢; and E; ..; =
Giyoin (E). I {2z} = ,,51 Qir-in (£) for an infinite sequence iy ---iy ---, we
denote = @;,...;,,...(E). -



Vol. 160, 2007 QUASI-LIPSCHITZ EQUIVALENCE OF FRACTALS 7

LEMMA 1: There is a decreasing sequence {0y}, with limy_, 0 = 0 such that
for any n > k,
log ||Dw190i1“'in ” N

10g || Davy @iy i, | 1] < O,
‘ log H*(E;,...i,) 1l <4,
5108 || Dy iy i, | T
log H*(Eiy i) 1| <5,
logH*(Eiy.iy_y) -
log diam(Ei,...i,,) 1| <5,
10g || Dy @iy i | -

whenever i1 - - -4, € X* and wi,ws € V.
Proof: (1) Since {¢;}; are bijective and conformal contractions, we may assume
that

lpi(r1) — pi(x2)]
w1 — a2

(2.2) 0<p < <p<1 for all distinct z1, x5 € U.

There exists 6 > 0 small enough such that
E+4+o6={z:d(z,E) <} CV.

Then we can select an integer ko such that p*odiam (V) < 6. And thus for all
k > k07

(2.3) diam[p;,...;, (V)] < p*diam(V) < p*odiam (V) < 6,

which implies that for z,y € ;,...., (V) (D @i, ...i, (E)), the segment [x,7] be-
tween x and y is contained in E + §.
Since {¢;}; are contractions, for any sequence is - - - i,

(2.4) Girin(E+0) CE+p" C E+6.

It follows from the continuity of {D¢;}; and the following estimation,

. i i il < i
(2.5) 0 < min min||D.p;f| < max max|D.g;fl <1,
that
log || Dupi
(2.6) log | Dxpil| — 1 uniformly as |z —y| — 0.

log || Dy i

Now, since

(2.7) diam(pi,...;, V) < p"diam(V) — 0 as r — oo,
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by using (2.5), (2.6) and the chain rule, we have

k
log ||Dz1§0ik~~~i1 || . Zr:l log ||D[(Pi7‘71«»«i1 (1)) Pir H

10g HDa:z(pikmil ” B Zle 10g ”D[@ir,l---il (IZ)]QD“

— 1 uniformly as k — oc.

That means

log Hle(pil"'in ||

(2.8)
IOg HDwﬁﬁil'“in ”

— 1 uniformly as n — oc.

Consequently, using the chain rule, we have

log ||D’w1 Piy-win (j1dro) H
IOg HDwﬁﬁil'“in ”

— 1 uniformly as n — oo.

(2.9)
(2) For x1,22 € E,
[Pi i G i) (B1) = Piy i (G- ) (T2)]
= 1Decpiy i | [9g1- gy (T1) = @ir i, (¥2)]

where ¢ € V lies in the segment [¢j, ..., (1), 9j,.-jy, (2)] C E+0 C V. Notice
that by (2.2),

(P |1 — 2| < |@jyjey (@1) = @jrjy, (@2)] < pM |2y — 22,
Therefore, for i =iy ---i and 1,29 € F,

@i rg) (F1) = Piiring ) (22))]
w1 — a2

(210) [ Dewill(p)™ < < |Deeill(p)*.

Since Eil"'ilc(jl“'jko)
Lipschitz mapping ¢;, ...

= ‘Pi1~~~ik(j1---jk0)(E)a by the above estimation for the

ik(jl"'jk0)7 we have

min [ Dz@ill*(0") 0 H (B) < H*(Bigjy...jiy))

< max || Dyi|* ()" H* (E).
zeV

Therefore it follows from (2.8) and (2.9) that
log H* (B, i)
S 1Og HDWQ(lDil"'in ||

(3) By using (2.11), to show

log H* (Eiy...,)
IOg Hs (Eil 1 )

(2.11)

— 1 uniformly as n — oo.

(2.12)

— 1,
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we need only verify the following formula:

log || Duwpiy iy ||
10g || Dig,, (w))Pir-in—1 |l

—1 forwekFE,

which follows from the chain rule for differentiation.
(4) By (2.10), for i =4y - - - ig,
Hél‘[/l | Dospil| ()0 diam(E) < diam(Ejj, ..4,,))
< max || Dopi|(p)* diam(E).
zeV
It follows from (2.8) and (2.9) that

log[diam(Es, ...i,, )]
log HDWQ(lDil"'in H

— 1 uniformly. |

LEMMA 2: Suppose {an}n is a sequence with lim, . a, = 0, a, > 0 and
Gn4+1 < ay for all n. Let ¢ > 0. Then there is an increasing sequence b,, T 0o
such that as n — oo,

(2.13) n/by, — 0, bpi1/bn — 1,
b
(2.14) 2 k<n Mbr/cIVk 0,
bn+1

where [z] is the maximal integer not greater than x € R.

Proof: Without loss of generality, we may assume ¢ = 1.
Let ¢y =1 and for each n > 1,

Cn+1 = Cn(l + vV a[Cn]) = H (1 + V a[cn])'
k<n
Then ¢, T co. In fact, if ¢,, < M < oo for all n, then
Cnt1 = kl:[ (1 + Vaje,]) = k[[ (1+ 1gili§nM vai)

> ' . .
_(1+1£1§nM\/a_1) — 00 asn — oo;

this yields a contradiction.

By Stolz’s Theorem in analysis, we have

m Zkgn a[ck]ck im Zkﬁn a[ck]ck - Zkgn—l a[Ck]Ck

li =l
n—o0 Cn41 n—00 Cn+1 — Cn
. Qlc,,1Cn .
= lim ————— = lim ,/ap]— 0,

n—oo Cpt1 — Cp n— o0



10 L.-F. XI Isr. J. Math.

since ¢,, — 00 as n — 00.

Now, let b,, = nc,; then
n/by, =n/ne, =1/¢, — 0 since ¢, — 00,
lim bp41/bp = lim (n4+1)/n- lim ¢pp16, = 1.
n—oo n—oo n—oo

Since a,, | 0, and b > ck,

0

k
- 2 k< Ay bk - D k<n T U] Ch - 2 k<n Aex]Ch .
bn+1 Cn+1 Cn+1

It follows from (2.2) that (p/)"H*(E) < H*(Fi,...,). Take p; > 0 small
enough; then we have (p1)" < H*(Ej,...;, ), therefore

n> log H (Eilmin)_

2.15
( ) log p1

For ¢ = log p1, an, = 0, defined in Lemma 1, applying Lemma 2, we get a
sequence by, T oo satisfying

(2.16) n/bn — 0, bn-‘,—l/bn — 1 and <Z a[bk/c]bk/) bpn+1 — 0.
k<n

Let e = e~ then
E1 > 62> - >Ep >Epyy > — 0.

By (2.16), as n — oo,

(2.17) o 0. B and Eklg;ig o,
where
Ak = Oflogey/log p1] + O-
Let

Ak = {1 =iy -1y € ¥r HS(E“M) < e and HS(Eil---in,l) > Ek}.
Then Ay, is a cut-set for any k > N = min{n : H*(E) > e,}.

Remark 5: Because of the lack of the C'*7 condition, for i € A, maybe
H2(E;) < ep for a large number k. We can always find a largest number
k1 > k such that i € Ax, and i ¢ Ay, 41) since e,41 < &5, for all n.
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LEMMA 3: Ifie A, then

(Ek)l—’_/\k < HS(Ei) < Ek.

Proof: Fori =iy i, € Ag, H*(F4,...i;,) < k. Then it follows from (2.15)

that | "(E )
n> ogH*(Eyy i) . logey

log p1 ~ logpr

By Lemma 1,
HE(Boa) > M (Fsy s )40 > ()10
where n > [126<£] and thus
og p1
where A\, = 5[10gak/10gp1] l, 0. ']

LEMMA 1: As |j| — oo,

slog |pj(w1) — j(z2)]
logHS(Ej)

(2.18) — 1 uniformly,

whenever x1 € F;,, x9 € E;, with 1 < iy # i3 < m.

Proof: For j =j (41 Jjr,), by using (2.10), we have

inel‘g HDw(Pj'H(pl)kod(EiuEi2) < |90j’(j1"'jk0)($1) - (pj’(jl“'jko)(l?)l

< max || Dagpy [|(p)* diam(E).

Therefore, (2.18) follows from (2.9), (2.11). ]

3. Proof of Theorem 1

The proof is based on a bijection between the finite cut-sets of ¥* and IT*. For
each k > N = min{n : H*(E) > e,}, we will construct cut-sets F of ¥* and
&y, of IT* by induction.

FIRST STEP OF INDUCTION FOR kK = N: For k = N, considering the cut-set
v = An, we have

(3.1) > H[E) = H[E).

iesdn
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By Lemma 3, for i € §y,
(3.2) N < HEy < en.

It follows from (3.1) and (3.2) that

(3.3) HEley' < #85nv = D 1 < H[Eley ™).
iEFN
Write |Fn| = 2P +t with p,t € NU {0} and 0 < ¢ < 2P,
Then we can find a cut-set & of II* with [Gy| = |Fn| and |j| =p or (p+1)
for each j € & . Therefore,

(3.4) 2=+ < 9=l < 27P  for each j € Gy.
Since

(3.5) (#3n) 7 <27P <2#3w)

we have

(3.6) %(#SN)_l <27 Wl <o(#FN)

As a result, (3.3) gives
(3.7) eN M /@QHA(E)) <278l < 2. ey /HA(E)

for each j € & .
Since #Fn = #Bn, we can get a one-to-one correspondence between §y and
Byn. Let hy: §n — By denote the one-to-one mapping.

INDUCTION FOR k > N: For k > N, suppose §r_1 and &;_; have been
constructed satisfying, for any i € Fx_1,

(3.8) ie A andi¢ A.4q with r > k — 1 dependent on i,

and there is a one-to-one mapping hr—1: §x—1 — B—_1, which implies #§r_1 =
#6Gk—1.

For each i €§y—_1, suppose i € A, and i ¢ A, 1, where r > k—1 is dependent
on i. Then the cylinder

(3.9) = U

i<i €A,
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where i; < i means iy is a prefix of is. Let
Sp=1{i:i<i" andi € A, for some i € Fy_1 withie A\ A1}

Since the union in (3.9) is disjoint, we have
(3.10) H(E)= Y.  H(E)
i<i’i’eA, 11

It follows from Lemma 3 that for i € A,., i’ € A.41 with r > k — 1,
(3.11) ()"t <HU(E) <er,  (er1)' ™ S HY(EY) < et

here A\, > A\rj1.
Applying the above estimations (3.11) to (3.10), we have
Er

() <HI €Ay ixi} < —T
= 1 - >~ .
Ert1 r+ (€T+1)1+/\T

Write #{i’ € A,41 :1 <4} = 2941 with ¢,l € NU{0} and 0 <1 < 29. Then
we can find a decomposition of the cylinder [hg—1(i)],

(3.13) [h—1(1)] = U [hr—1(1)jx],

Jr€Il*

(3.12)

such that the number of cylinders on the right of (3.13) is 2¢ 4+, and |jx| = ¢
or g + 1 for each ji in the above union. For this i € §r_1, let Af be the set of
all the ji in the union (3.13).

Therefore, for each ji, € A¥,

(3.14) 2= (a+1) < o-lixl < 9-4,
Since
(#{H € Aqr:i=i' )P <27 1< 2#{{ € Apr i=iPTH

we have
(ers)' ™ 5 Er41
3.15 <9l g L
( ) 2, = - (ET)IJF)\T
for each jj, € AF.
We provide the following decomposition:

(3.16) c= U U ma(irl

i€Fr—1 jkEAf
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Let &5 = {hr—1(1)jr}ticg,_,juear- Then & is a cut-set of II*.
Since #{i’ € A,41 : 1 =<4} = #AF, then a one-to-one mapping hy can be
defined naturally satisfying

(3.17) hi-1(1) < hi(i)

whenever i € §p_1,1’ € F with i < i’
Now, we can write every element of F in the following form:
(3'18) T = (IDiNiN+1"'ik‘“(E)
where iyiy41---ix € §g for all £ > N. At the same time, we can write each
element of C' in the following form:
(3.19) Y =JNIN+1dk

where jNjn+1 - Jr € & for all k> N.
By (3.17), a bijection f from E to C can be defined by

(320) f(l‘) = lim (hk(iNiNJrl e ik) N ) for x = sDiNiN+l"'ilc"'(E)'

k—oo

Now, WE WILL VERIFY (2.1): Suppose

(321) xTr = cpiNiN+1"'ikik+1"'(E) and :L'/ = cpiNikl“'iki' (E),

k+1°
where i1 # 1),
For N < j <k, assume iyiny1---i; € A, \ A, 11); then

(3.22) Ny <o < Tpo1 < Tk

Write igq1 = iig- -+, i), = 14 - - - with 1 <4; # 4 < m, where i is the common
. .
prefix of iy and IYRp
By the process of construction,

(323) iy---i € Ark and iy -- ~ikik+1 € A(7.k+1).
Since i < ig41 and A, > >\(7'k+1)7 it follows from Lemma 3 that
(57'k+1)1+/\% <H® (EiN"‘ikik+1) < Hs(EiN"‘iki) < HS(EiN“‘ik) < Ergs

which means

log HS(EiN...iki)

3.24
(3:24) loge,,

—1 ask— oo,
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since ry >k, limg oo A, = 0 and limg oo loge(y, 41y/logey, = 1 by (2.17).
It follows from Lemma 4 and (3.24) that

slog |z — 2| (log’HS(EiN...ik_i))< slog |z — 2|

3.25 =
( ) loge,, loge,, log H* (Eiy . i,1)

) =1+0(1),

where o(1) — 0 uniformly as k — oo; here, ry, > k by induction.
We will estimate the distance d(f(z), f(z')) as follows. Write

(326)  f(x) =jnjn+r-Jkdksr--- and  f(2)) = jnIngr o Jkdlgr
with jri1 # jj.4,- Here
(3.27) o~ i+t Hlenll < q(f(2), f(2')) < 27 (WnlFlie),
From the process of construction, we notice that for N < p < k,
jNingr-dp €A, and NNy dp € A, 1)

By Lemma 3, since )‘7-p7)‘7-<p71>+1 < )‘7'(;771)7 we have

(E(,r,p71+1))1+A7~p*1 < HS(EijN+1~~~jp) < (E(Tp71+1)).

1+, ,
(57“;7) A < Hé(EijN+l"'jp) < (57";7)7

Therefore,

1
(328) e(rp_it1) < (1) o1 and (&(rp_1+1)
Applying (3.28) to (3.15), for N < p < k+ 1, we get

p—1 )2 (E )1+>\ip71
—linl "p
s2s2 a1

3.29
( ) 25,.1)71 (€rp,1)

Since rp,_1 > (p — 1), we have A, _, <A, _1. Then by (3.28) and (2.17),

loge,, B loge,, log E(rp_1+1)

3.30 =
( ) log Erp_1 IOgE(Tp,lJrl) log Erp_1

— 1 uniformly as p — oo.

In particular, for any p > N,

loge,.,

3.31
( ) log Erp_q

<Co

where C is an independent constant.



16 L.-F. XI Isr. J. Math.

For p = k + 1, using (3.15), we have

(5m+1)1+A"’“ —lj Erpd1
.32 Sy V) B T G i h S
(3.32) %, = = o)

By the process of construction, there are constants Cq,Cy > 0 so that
(3.33) Oy <27hnl o <Oy
It follows from (3.27), (3.29), (3.32) and (3.33) that

Ar 2
(Erp)(l-‘r p_1) (€7_k+1)1+ATk

2er,_, 2er,

< d(f(x), f(2))

1
) 1+>‘Tp—1

(Erp
)(1+/\7-p71) ’

e [2
N<p<k (‘C:Tpfl

Here for any p > N, there is a constant C's > 0 such that

1

1+ XA )2 <14+C3\. ., ————>1—Cs\ ..

( + pfl) <1+0Cs p—1 1 +)\rp,1 = 3Arp_1
Therefore,

(E7p)(1+03A7p71) (5r +1)1+A7k

CI{ 11 2 "o < d(f(@), f(a'))
N<p<k Tp—1 Tk
(er )(1_03’\%71)
N<p<k (5%71)(1—&- rp_1)
As a result,
k—N
2 () + (-G
[10g5,.k loge,, +( 3Ari_1)
IOg Er ZN< & Ar . log Er
—(1+ A\ N _(C 1 p< P p
( + N) 10g5rk ( 3+ ) logsrk :|
< 1Ogd(f(l')7f(x'))
- loge,,
1 — log2 - (w) + (1 +A )log(srkﬂ) _ 1Og€7.N

- 10g Er 10g Ery "k 10g Ery log Ery

A loge,
+CSZN<p§k p—1 108 p:|.

log ey,
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Since r > k, by (2.17), then

k 1 1 .
lim = lim =0, and lim 7Og(€”‘+1)
k—oo loge,, — k—oo loge,, k—oo logey,

=1.

Moreover, using (2.17) and (3.31), we have

ZN<p§k >‘Tp71 1Og Erp

loge
‘ZN<p<k |:()\7'p71 108; 57'1)71) : logETTp :|

log e, log e,
< CO’ZN<p§k(>‘Tp7110g5Tp—1) .‘10g€(rk+1)
- log e, 41) loge,,
’Zl<z<rk )‘ 1Og€i) . ’logg(rkJrl)
loge (41 log ey,
—0 ask — oo.
Consequently,
logd !

loger,

where o(1) — 0 uniformly as k — oo (since 1 > k).
Let |z — 2’| — 0; we have k — oo. Then (2.1) follows from (3.25) and (3.34).

4. Proof of Theorem 3

In this section, we will prove Theorem 3 which gives a necessary and sufficient
condition for a self-similar arc to be a quasi-arc.

Proof of Theorem 3: Using Lemma 1 of [9], we may assume = is a self-similar

arc with two endpoints eq, es, and there exists a family of contracting similitudes
N

{Siti<i<n such that v = {J;Z; Si(v),

= 51(61), €2 = SN(GQ)

and | |
(%] if |i — 4] > 1,
Sin) 08500 = {a singleton if |i — j| = 1.
STEP 1: Suppose 7 is a self-similar arc which is Holder equivalent to the unit
interval [0, 1]; we will show that 7 is a quasi-arc.
In fact, by Definition 4 on the Holder equivalence, there are constants 7, 3 > 0

and a bijection f:~ — [0,1] such that for all z1, 22 € 7,

(4.1) T 2y — 20| < |f(21) — f(22)]P < Tlw — 32).
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Since f is a bijection, for any different points =,y € v,

(4.2) fo(,y)] = [f(x), f(y)] or [f(y), f(=)].
Therefore, using (4.1) and (4.2), we have

diam[y(z,y)]] < sup |z —ao| <7 sup  |f(z1) — flx2)|
IhIzEV(IﬁU) z1,x2€v(x,y)

< 7lf(x) = fFW)I?
=7le —yl.
That means 7 is a quasi-arc. Then Step 1 is completed.

STEP 2: Suppose 7 is a self-similar quasi-arc; we will show that ~ is Holder
equivalent to the unit interval [0, 1].
As v is a quasi-arc, there is a constant C' > 0 satisfying

(4.3) diam(y(z,y)) < Cle —y| for all z,y € 7.

Suppose 7 = vazl Si(7), where the ratio of S; is p; for all < and s is defined by
the equality Zfil p; = 1. Write w; = p]. Let p be the self-similar probability
measure on 7 such that

(4.4) u=§:wi(u05ﬁ)-

Then .

(4.5) (S iy, (7)) = wiy -+ wyy.-
The mapping f: v — [0, 1] is defined by

(4.6) f(@) = ply(er, )],

where e; is an endpoint of 7. Then

(4.7) [f (@) = f(y)l = phy(z,y)].

Since p(y') > 0 for any nonempty subarc v/, f(z) # f(y) for any different
points x,y € . Moreover, by (4.5) and the structure of a self-similar arc,
f:v —[0,1] is surjective. Therefore, f is a bijection.

Given different points x,y € v, suppose there is a maximal sequence %7 - - - ig
(maybe an empty sequence) such that z,y € Sj,...;, (7), but & € S ..i4,,, (7),
ES Si1'~~ikjk+1(7) with ig11 # Jrt1-

Without loss of generality, we assume 541 < jrt1-
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CASE 1: |’ik+1 —jk+1| > 1.
In this case,

min - pfSi i ()] < (@) = )] = ply(z,9)] < plSi i (V)]

k1 <J<Jk+1

Using (4.5), we have
(4.8) (miin w;) <
On the other hand,
[z =yl = (pir - pi)l2" = ¥l,
where 2’ € S;, ., (), ¥’ € Sj,., (7) satisfying

Snlk (zl) =, Sil"'ilc (yl) =Y.

Thus,

IN

(4.9) min_d(Si(7), (7))

li—g]>1 Piy - Pi

Therefore, in this case,

minewi D =IO [ i agsia, 5,00)]

diam(y)s — |z —yl* li—j|>1

(4.10)

CASE 2: |’ik+1 _jk+1| = 1.
Suppose b € Si iy (V) N Siyvipjis (7); then b € y(z,y) and b # x,b # y.
Now, as b € vy(z,y),

(4.11) [f (@) = f(y)l = [f (@) = FO) + £ () — f(y)l-

We will consider each term on the right of (4.11).

In fact, b’ = (Si,...igirs,) b is an endpoint of 7, ie., b € {e1,ez}. Without
loss of generality, we assume ex = b = Sy (V'), {b'} = Snnn...(7). (The
proof is similar when b’ = e;.)

Suppose &' = (S, ipipsr) T € Sjyjsejo-(¥) where j; is the first symbol in
J1J2 - - - not being N with [ > 1, i.e., j1jo---ji=NN--- N j;.

-1

Since z,b € S; () and p is a self-similar measure by (4.4),

i1 ik lh 41

(4.12) [f () = )] = (wiy - wiywiy )] f(2") = £(O)]
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and

(4'13) |.Z' - b| = (pi1 T pikpik+l)|‘r/ - b/|

Here

(4.14) [f(@') = fO) < plSy ... n(V)] < (wn)
-1

and

(4.15) [f(2") = f)] = Sy ... N (0] = (wn).

l
On the other hand, since ex = ¥/,

(4.16) (o) mind(ez, Si(7)) < la’ = ¥/| < (pw)'~ " diam (7).

From (4.12)—(4.16), we have

(4.17) Dy'le =0 < [f(z) = f(b)| < Dz —bf*

for some constant D7 > 0. Similarly, there is a constant Ds > 0 so that
(4.18) Dy'b—yl* < |f(b) = f(y)| < Dafb —yI*.

Let D = max(Dy, D2); then by (4.11), (4.17) and (4.18),
(419)  D7(jw = b + b~ y[*) < |f(2) = F(W)| < D(lx = b* + b —y|*).
By (4.3), we have
(4.20) C(jz = bl + b —yl) < |z —yl <|o—bl+[b-yl

Since s = dimpgy > 1 (see [9)]),
“421) (2 =bP+ b =yl") < (lz = b[ +[b—y])* < K|z =" + [b—yl|*)

for some constant k£ > 0 only dependent on s.
It follows from (4.19), (4.20) and (4.21) that in case 2,

|z —yl®
for some constant M > 0.
By (4.10) and (4.22), we have
07 o —y| < |f(x) = F@)V* <Olx—y| for any z,y € 7,

where 6 > 0 is a constant. Then Step 2 is completed.
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